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Abstract. In this paper, we study a class of fully nonlinear metric flow on Kahler man- 
ifolds, which includes the J-flow as a special case. We provide a sufficient and necessary 
condition for the long time convergence of the flow, generalizing the result of Song- 
Weinkove. As a consequence, under the given condition, we solved the corresponding 
Euler equation, which is fully nonlinear of Monge-Ampere type. As an application, we 
also discuss a complex Monge-Ampere type equation including terms of mixed degrees, 
which was first posed by Chen. 



1. Introduction 

In the study of Kahler geometry, the geometric flow method has been applied exten- 
sively to obtain "optimal" metrics. One classical example is the Kahler- Ricci flow. If the 
manifold has negative or vanishing first Chern class, the Kahler-Ricci flow converges to 
the Einstein metric, see Cao [Cj . Another example is the so-called J-flow. It was intro- 
duced by Donaldson [D] in the setting of moment maps and by Chen in |Chll ICh2| , as 
the gradient flow of the J-functional, which appears as a term of the Mabuchi energy. 
In [Wlj . Weinkove settled the question of Donaldson for surfaces. A sufficient class con- 
dition for the convergence of the J-flow is derived in [W2j . In [SWj . Song and Weinkove 
proved a positivity condition to be equivalent to the convergence of the J-flow to a critical 
metric; The precise statement of this condition can be found in the discussion after (II. 6p . 
In general, the solution of these geometric flows usually depends on establishing a priori 
estimates of parabolic PDEs. 

In this paper, we will study a class of fully non-linear geometric flows, which was 
motivated by the construction of J-flow. 

Let (M, w) be a closed Kahler manifold of dimension n. Define 

(1-1) H + = {[ X ]eH 1 > l (M), 3 X E[ X ], X>0}. 

Let [x] £ / H + and x 6 [x] is another Kahler form on M. We define the corresponding 
Kahler cone and Kahler potential space with respect to [ X ] as 

(1.2) /C [x] = { Xip = Xo + ^ddip > 0, <peC°°(M)}, 
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(i.3) r Xo =we c°°(m) i Xv = Xo + ^dd<p > o}. 

For a fixed integer k £ [1, n], and A = (Ai, • • • , A n ) G M. n , the k-th elementary symmetric 
polynomial of A is denned as 

ffo(A) = 1; 

= 5^ \iK 2 ---\, k>i. 

I<il<i2 

When no confusion arises, we also use (Jk(A) to denote the fc-th elementary symmetric 
function of eigenvalues of a Hermitian matrix A. 

In a local normal coordinate system of M with respect to u, we have 

Xo = —^-Xoijdz 1 A dz 3 , x v = —^-(X ij + Vij)dz l A dz 3 . 
Following the notation above, we denote 

VkiXtp) : 



n\ X% A io n k 



which is just the k-th elementary symmetric polynomial of the eigenvalues of the matrix 
ix i] + fi]) with respect to the background metric uj. 

We set the volume form on M as dv = uj n /n\. It is clear that 

JM X-o 

j J _ (fc) Jm Xo"" / M <J n -k(x () ) dv 

k fc ' M ' M J M X? f M °n(X )dv 

are topological constants. Now we consider following flow in V Xq : 

Xt = X + —^-ddcpt, 

(14) = c /|_ ( ^n- fc (x yt ) ) i 

1 j at Ck [ a n ( Xvt ) > ' 

ip = 0. 

Clearly, the stationary metric of this flow is a Kahler metric % G /Cy satisfying: 

(1-5) X n ~ k A u, fe = c feX n = (^V^ )*" 

J 

In the case of k = 1 , our flow is same as the J- flow. Song-Weinkove [SWJ gave a sufficient 
and necessary condition for the J-flow to exist and converge to a solution of (|1,5D , 

One of the purposes of this paper is to give a necessary and sufficient condition for the 
flow (II. 4h to converge to the stationary metric, which we now describe as a cone condition. 
For M and co given as above, we define C k = C^ui) as 

(1.6) C k (co) = {[ X ]e-H + , 3 X 'G[ X ], s.t.c k n X ,n - 1 >(n-k)x' n - k - 1 Au; k }. 
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Ck is an affine cone in T-i + . For k = 1, C\ is first defined in [SWJ. It is easy to check 
that [x] £ Ck is a necessary condition for the equation (jl.5p to be solvable (see Section 2 
for more details). The main theorem of this paper is the following 

Theorem 1.1. Suppose M, uj and x £ [x] are defined as above. Let 1 < k < n. If 
[x] £ C)~(lj), then flow \l-4\ ) has a long time solution, which converges to a smooth metric 
satisfying hl.5\) . 

It is worthwhile to point out the case of k = n. Notice that the corresponding equation 
is equivalent to 

(i.7) x% = k^-n, 

where f2 is any given volume form. This was solved by Yau in his celebrated paper |Y] , 
Also notice that the condition (|1.6|) becomes trivial in this case; in other words, C n = T-L + . 
Cao [Cj provides a parabolic approach to this equation, using Ricci flow. 

Notice that for the k = 1 case, our condition and conclusion are exactly same as the 
ones in |SW]. 

Theorem 1 1 . 1 1 can be viewed as a finite interpolation between results of Yau [Y], Cao [C] . 
Song-Weinkove [SW]. In fact, our basic approach to prove Threorem 11.11 closely follows 
these earlier works. In particular, the idea of establishing partial Cq estimate before C2 
and Cq estimates first appears in |Wlj . However, new convexity phoneomena shows up 
for k 7^ 1, n cases. 

Theorem 11.11 can be understood from several aspects. 

First, Theorem 1 1 . 1 1 can be understood geometrically. One motivation for the construc- 
tion of this flow (jl.4p . as well as an important ingredient of the proof of Theorem 11.11 is 
the following functional defined for x<j> with (f> £ V X(j and j > 0, 

(1-8) F j ( X *) = f Q j M ^-4^u n ~ j dt, 

where 4>t £ V Xq , t G [0, 1] is a path in connecting x an d X<f>- is shown to be independent 
of the choice of path [ChT] . Furthermore, a functional defined as 

(1-9) ^j,n(X ,X<l>) = Fj(X<p) ~ Cn-jFn{X<t>) 

can be viewed as a functional depending only on x ->X<t> £ ^-x- 
Notice that for Xi £ [x]> * = 0) 1; 2, we have 

Fj,n {Xo,Xi)+ ^j,n (Xi,X 2 )= Fj,n {Xo i Xi ) • 

Thus, the minimizer of functional JFj jn (xo, •) is independent of the choice Xo- in fact, this 
functional can be realized as quotients of Quillen metrics on the determinant bundles with 
certain virtual bundle coefficients, see Tian |T2| . 

Our flow (ll.4p is constructed in such a way that the functional .7>i-fc,n(Xo>X¥t) ^ s 
creasing along the flow. It is then easy to check that the corresponding minimum metric 
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satisfies (|1.5j) . Theorem 11.11 gives an explicit path for the functional ^" n -fc,n(Xo>x) to ob- 
tain its unique minimal, when the cone condition [x] G is satisfied. Notice that our 
flow is not the gradient flow of the corresponding functionals except the case k = 1. In 
fact, we modified the functional's gradient flow to ensure certain PDE estimates hold. 

Second, Theorem 11.11 provides a necessary and sufficient condition for (jl.5p . an elliptic 
equation of Monge- Ampere type to be solvable. Notice that (I1.5P can be written, locally, 
for k < n as 

(1-10) c k a n {x v ) = o n -k{x v ), 

or, equivalently, 

Vkix^, 1 ) = c'k- 

The corresponding [x] G Cfc condition states that there exists a x' G [x] such that 

(1.11) <?k(x'- l \i) < 4 

for 1 < i < n. Refer to Section 2 for more details. 

Equation (11.5P is also a special case of a question posed by Chen. In |Chl| . Chen raised 
the question of solving a very general fully non-linear equation of Monge- Ampere type: 

n-l 

(1.12) 4 = 5>*4 Awn-i ' 

i=0 

where Qj's are real. Theorem 11.11 gives a complete answer for Chen's question when the 
right hand side has only one term. 

Using similar method, we can also extend our result. 

Define, for any fixed a G (0, oo) and integer k G [l,n], 

Cfc,« ^fc,a,[u;],[x] ^fc + Q!Ck~l, 

J~ 3,fc,n(Xo > X) ^n— k,n\Xoi X) "I - Q^n— fe+l,n(Xo > X)> 

Cfc,a(w) = {[x] G 3x G [%], such that 

Cfc^nx'" -1 > (n - fc)x ,n " fc_1 Aw fc | a(n — k + l)x' n ~ h A w^ 1 }. 

It is clear to see that when the parameter a runs from to oo, Ck t a = Ck a {u)) gives a 
continuous deformation from the cone Ck C T-L + to Ck-i C % + . We have the following 

Theorem 1.2. Suppose M, uj and x G [x] are defined as above. Assume 1 < k < n and 
a > 0, then the equation 

I -i -i o\ n n—k . k i n—k+1 . fc— 1 

(1.13) c fc ,aX =X Aw+«x Aw 

has a unique smooth solution if and only if [x] G Cfc >Q (o;); in this case, the solution mini- 
mizes J"a,fc,n(Xo>x)- 

Theorem 11.21 is proved by improving the estimates needed in proving Theorem 11.11 to 
the product manifold M x C, where C is a smooth algebraic curve. 

Based on these known results, we would like to verify that the similar cone condition 
would be the necessary and sufficient condition for the problem of Chen. Using a similar 
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geometric construction as in the proof of Theorem ll.2l we can settle many special cases for 
Chen's problem. See Section 5 for more details. We believe this is one of the few examples 
of the Monge-Ampere type equations including terms of mixed degrees. The geometric 
structure plays an important role in the solution of these equations. 
Finally, we make some remarks. 

Remark 1.3. It is interesting to point out that the elliptic PDEs studied in this paper 
are all solved by geometric flow method. With the exception of Yau's original equation, 
continuity method does not seem to work for the other cases. 

Remark 1.4. It is interesting to study the various cones we defined in H + . Except the 
obvious fact that C n (uj) = T~L + includes all the other cones, the relative position ofCj(uj) 
and Cfc(w) for j ^ k, j,k ^ n is unknown. 

Remark 1.5. The strong concavity property of the symmetric polynomials is very impor- 
tant for our estimates. We point out that we do not use the optimal concavity property 
available. This leaves room of future construction of other geometric flows in Kahler ge- 
ometry. 

The rest of this paper is organized as follows. In Section 2 we introduce further no- 
tation and some preliminary facts about the elementary symmetric polynomials. In Sec- 
tion 3, we derive the partial C 2 estimate by maximum principle, following Yau [Y] and 
Weinkove |W1| . In Section 4, we derive the C° estimate and C°° estimate and the con- 
vergence result. In section 5, we discuss various generalization of Theorem 11.11 and some 
application to complex geometry. In the Appendix, we give an alternative proof of our 
strong concavity property. 

Acknowledgments: The first-named author would like to thank Jian Song for useful 
discussion. All authors would like to thank Pengfei Guan and Lihe Wang for discussion. 
They would like to thank Institute for Advanced Study for support and hospitality. Most 
of this work is done when they attended special year of Geometric non- linear PDE at IAS. 
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2. Preliminary 

In this section, we set up the notation and prove some preliminary results regarding 
elementary symmetric functions. 

For simplicity, after proper scaling, we may assume cu = — V~s — = 1 without loss of 

J x 

generality. We also denote c = c' k = (^) when no confusion occurs. 
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Fix a local coordinate chart U C M. For z = (z\, Z2, ■ ■ ■ ,z n ) £ U, we write 



-1 
2" 



uj = — - — gfjdz 1 f\dz\ 



X = — J" X^jdz 1 A dz J , 
X' = ^-Xf 3 dz l f\dzl 

Xy? = (X W 3 + <Pij )dz l Adz J , 

Xij ~ X 0i j + fij ■ 

When no confusion occurs, we also use x > x'j X</> to denote the corresponding Hermitian 
matrices at the given z. We always choose the normal coordinate of uj such that = 6fj 
and Xtp is diagonal. In other words, we have x^( z ) = X = (Xi> ' ' ' >X n )- Furthermore, we 
may assume Xi — Xj f° r i~> 3- That means Xi an d X„ are the maximal and the minimal 
eigenvalues of Xtp, respectively. 

For a Hermitian matrix A = (a{j)nxni define 

F(A) :=-[^^r =~4(A^). 

It is a well known fact that F is a concave function of A and F lJ is positive definite when 
restricted to the space of positive definite hermitian matrixes (see e.g., fS]). Without 
further specification, we assume that A is positive in the rest of this section. 

We compute the derivatives of F with respect to entries of A for the future use. 



Proposition 2.1. For F given as above, we have 
F i] (A) : 



OF = 1 q n _ fc , 1/fc _x do- n - h /da fj _ a n - k da n /da fj 
dar k a n a n al 



i%j >« "71 "71 "71 



da fj da kI 



If A = x = diag(xi, X2-, • • • , Xn) *s diagonal, then i™ can be non trivial iff i = j ■ We 
have 

rpii _ 1 ,<r n -k(x) \l/k-l( a n-k—l 

k { a n ( X ) ' 1 * n (x) vKx) h 

or 

K Xi 
Furthermore, F tJ ' kl can be nontrivial iff i = j,k = I or i = I, j = k. In this case, we have 

j?ij,fi(^ 1 t °n-k{x) ^- U 0-n{xW~k-2{x\h 3) -^n-fc(xK-2(xl^ih . . / , 

where x' 1 denotes the inverse matrix ofx, o"fc(xl«) = o- k (x)\ Xl =o, o- k (x\i,j) = a k (x)\ Xi =o, Xj =o- 
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Also notice that F is homogenous of degree —1, so — F(A) = Ylij ^{-^) a fj- 

We proceed to discuss some technical results. First of all, we have the following concavity 
result. Define 

r n = {(xi,--- ,x n ) G R n \xi > 0,x 2 > 0,---x„ > 0}. 
Proposition 2.2. [GLZ] Let g(X) = log<r fc (A). For A G T n , £ = (&,■•■ ,f n ) G C n , let 

2, 



ft := l!h> 9ij ■= oxA-' we have 



(2.i) J2^a + + ^ °- 

i=i 

Proof. We have 

_ cr fc -i(A|i) _ cjfc- 2 (A|i,j) cifc_i(A|i)(j fc _i(A|i) 
5i " cx fc (A) ' a k (X) al(\) 

Using the same reduction in Lemma 2.3 of [GM], (|2.ip can be reduced to the following 
inequality 

n 

o"n-i(A|«)o"fe-i(A|i)|^i| 



i=l 

(2.2) > a n (X) J^Wk-iiMij) ~ ^(A|y)<7fc-2(A|y)}^-, 

which is just Lemma 2.4 in [GM]. □ 



i 



Remark 2.3. By the above proposition, if we let g(\) = a£(X), for A G T n , then a simple 
calculation shows, for £ = • • • , £ n ) G C n , 

Si 

Another proof will be given in the appendix. 



(9ij + T^O^-v ^ °- 

An 



Second, we have the following local version of the cone condition (11.6 
Proposition 2.4. For k < n,x' G C k is equivalent to 



O-n-l(x'lj) W' 
for any j G {1, • • • ,n}, where (x'\j) denotes the matrix obtained by deleting the j-th column 
and j-th row of \' . 

Proof. Assume x' S By (jl.6p . for any given integer j G [l,n], the coefficient of the 
(n— l,n — 1) form ,^ ; dz l dt in x'™" 1 — ^ir^ A X m ~ fc_1 should be positive; that is, 

(n - l)! CT . ri _i( X / |j) - ?—^k\{n - fc - lJl^-fc-iCx'li) > 0. 

n 
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Dividing both sides by ^^k\{n — k — l)!<7 n _i(x'| j), one obtains 

cr n _ fe _i(x'b') (n 



o-n-i(x'b') " \K 

□ 

Next, we introduce some simple algebraic facts. Let A = (a^) be a positive Hermitian 
matrix. 

Lemma 2.5. Let I = (ii, 12, ■ ■ ■ ,ik) C (1, ■ • ■ , n) be an index set, denote its complement in 
(1, 2, • • • , n) by I. We always order I so that (J, I) is an even permutation of (1, 2, • • • , n). 
For A, a positive hermitian n x n matrix, let Aj be the principal minor (aj;)jjgj. Then 

det(A) < det{A I )det(A I ). 



Proof. Rearrange A if necessary we may write A as 



(2.3) 

By 

(2.4) 

one obtains 



A 



Ai M 
M' Aj 



Id 


0" 




'Aj 


M~ 




~A I 


M 


M'AJ 1 


Id 




M' 


A I. 







Aj - M'AjHd 



det(A) = det(A/) det(A T - M'A~ l M) < det(A r ) det(A 7 ) 



where M' means the conjugate transpose matrix of M. The last inequality follows from 
the fact that M'A^M is positive definite. □ 

The following corollary is a direct consequence of Lemma 12.51 

Corollary 2.6. Let A be as above. Then det(^4) < nr=i a «i- 



□ 



We are then ready to prove 



Lemma 2.7. Let A = (a^) be a positive Hermitian matrix. Denote A = (a^S^j) to be the 
matrix containing only the diagonal terms of A. We have, 

(2.5) a k {A- 1 ) < o-kiA- 1 ). 



Proof. By Corollary 12.61 we have 

1 1 
— < . 

det(A) det(A) 
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This means that Lemma 12.71 holds for k = n. For general k, we have 

1 1 1 



\l\=k,(h,i 2 ,- ,ih)ei a * li_1 ai2i ~ 2 aihfk 
< \- 1 < detQAj) _ <J n -k{A) _ ! 

□ 

Finally, we give the following technical statement, which will be used in the next section. 

Theorem 2.8. Assume that M,uj,x £ [x] given as before. Assume that k < n and 
[x] £ Cfc. Let .F M (x) fre given as in Proposition \2.1\ Let x' £ [x] be the Kahler form 
satisfying the condition ofCk- Assume C\ < ~^~7^ — C2, for some universal constants C\ 
and C2. Then there exists a universal constant N , depending only on the given geometric 
data, such that, if - 1 - > N then there exists e > such that 

An 

n - 2 
(2-6) (l-e)^2F ii (x)x^>c- k a k (x- 1 ). 

i=l 



Proof. Follow the convention, we will verify (12. 6ft under normal coordinates which diago- 
nalizes x &t some point. So x = diag{xi, X2> ' ' • Xn)> an d Xi > X2 > • • • > Xn- In local 
coordinates we will use <7fc(x _1 ) = "'antxf when no confusion arises. 

We first notice for the case Xn *C 1, (|2.6p follows easily. Notice x' is a fixed kahler form, 
so there is a constant A > such that 

X > Aw. 

Therefore, 

n n 

(2.7) ^2 fU (x)Xu > 

i=i i=i 

= ^rV 1 )^-!^ 1 !^ 

> A^r 1 (x- 1 )a fc _ 1 ( X - 1 |n)-l. 



We claim is bounded below. Indeed, o~k-i(x \ n )z~ is the largest term 

among cx / ! c _i(x _1 |i)rr by the fact that Xn is the smallest among XiA < i < n - Thus, 

(2.8) ^.^-iln)— > l/ntVfffc-iCx- 1 !*)— ] = -^(x^ 1 ) 

X„ ~ Xi n 

Now if Xn < 5 = A(Cic)i, (1231) follows easily from ([22]) and (12^81) . 
So we just need to consider the case Xn > 
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Recall Garding's inequality: For /x,r 6 T n , 

d 



=1 •* 



r- 



Thus, by Proposition 12.11 we have, for the matrix B = diag(^, • • • , ^% L ) = x 1 X'X \ 

n i 1 n ' 

(2-9) £**~(x)xfe = f 1 ^)^^^ 1 "' ' 



j=i i=l VAiy 



Comparing with (12. 6j) . it suffices to show 

(2.10) c^|(5) > (l + 0)crf (x _1 ),for > 0. 

By Proposition 12.41 we have 

(2.H) °M\1)- 1 )<(?\-V = c-V, 

for a universal positive constant rj < c, depending only on (M, w) and x'>where (x'jl) -1 
is the inverse matrix of (x'|l). We have, 

(2-12) dal(B) > (^)i4(( x '|l)-i)4(B) 

C Tj 

tUWT^Ub) 

> (— )*4((x r i i r 1 )4( s i i ) 

^(x _1 |i). 

We explain the second and last inequality in (|2,12p . Apply Lemma 12.71 to the matrix 
(x'|l), we have 

(2-13) ^((x'll)- 1 ) > ^((x'll)- 1 ). 

Recall that B = X x'x j then Cauchy-Schwarz inequality yields 

^(X^^V 1 !!)^^^!!)- 1 ) > ^(X _1 |l). 
Now suppose Xi > -^Xn > an d X„ > ^- Then 

^(x- x |i) n ^-ibr 1 ! 1 ) 



c 


c — 


'/ 


c 




c — 




c 




c — 


n 


c 




c — 





(2.14) 



o"fc(x x ) crfe(x *) 



> i_2^_i!lL>i U-iJ 



^(X" 1 ) " CW 
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(fc-l) 1 



d5 k 



i 



Combine (2. 10), (2. 12), (2. 14), for 9 sufficiently small, a positive number N ( 
will satisfy the condition of this Proposition. □ 

3. Partial Second order estimate 

In this section, we use the maximum principle to obtain an estimate on the second order 
derivatives of (p in terms of ip. 

First we establish the ellipticity condition. Notice that by the basic properties of sym- 
metric polynomials, (F lJ ) > if x > 0. Differentiating (jl.4j) with respect to t gives 

(3-D l^c^g,. 

Standard theory for parabolic equation ensures short time existence of the flow. By the 
maximum principle, ^ achieves extremal values at t = 0, i.e. 

dip dp dip 
(3.2) mm — — < — — < max — — , 

v ' t=o 8t ~ dt ~ t=o dt 

which in terms implies 

(3-3) inf ^r^(Xo) < ^-^(X v ) < sup -^(Xo)- 

M O n cr n M O n 

Hence, Xip > 0, i.e., it remains Kahler when the flow exists. 
Next we prove the partial C 2 estimate: 

Theorem 3.1. Let M, u, and x £ [x] as above, k is an integer in [l,n]. Suppose 
[x] S Ck, i.e. there exists x' S [x] such that: 

X 171 - 1 ~ — ~oo k A x^ 1 > 0. 
n 

Let <p be a solution of |i.^[ ) on [0,T). Then there exist constants A > 0,C > 0, depending 
only on the initial data and independent of T, such that for any time t > 0, 

c o < Ce A ^- infMx [°.*] <p \ 



Proof. By hypothesis, there exists cj) G 'Pxo j such that x' = X + ^j^ddcj), then x^ = 
x' + ^Y^-dd(ip — 4>). Consider the function 

G(x,t,0 := log(xyf^) - M<P ~ 0), 

for x e M, and £ G t£ 1,0) M, g^tf = 1. A is a constant to be determined. Fix a time t, 
we can assume G attains maximum at (x ,t ) £ M x [0, t], along the direction £ . Choose 
normal coordinates of oj at x , so that ^ = and (Xtj) is diagonal at x . By the definition 
of G, it is easy to see that Xii = Xi is the largest eigenvalue of {xij} at x . Without loss 
of generality, we can assume t > 0. Thus, locally, we consider H := logxn — A(tp — <fi) 
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instead, which also attains maximum at (x Q ,t Q ), with H(x ,t ) = G(x ,t ). We compute 
the evolution of H, namely the quantity — F^Hq. Then at (x ,t ), we have 

(3.4) A* 

dt xii dt 

X I X ~ I ^ 

(3-5) H fi = ^ A(<p s - hi). 

Xii X\i 

Take two derivatives along direction to the equation f j 1 . 4 [) . one gets 



(3-6) XiU = hSii = E + E ^XiliXkll- 



i=l ^<i,3,k,l<ri 

Apply (fTi |l .(^i ll .([3"3 ]) .(^5 |) we have, at (x ,t ) 
n 



y L (E^,u+ E ^wii-^-E^ 

XU i=l l<i,j,k,l<n i=l 

1 n P> n 

- E - xn,id - A ^ + A H P^fi ~ 4>a) + B 
Xu i=i OT i=i 

1 n n 

— E Fil ^u,n ~ Xn,d) ~ A(c% + F) + F^ + <P$ ~ <fe) ~ A E F'% + B 
Xl1 i=i i=i i=i 

— E fU (Xu,x1 - Xxl,d) - Acl - 2AF - A E + B, 



Xl1 i=i i=i 

where 

-rtt I All, J I 



5 — E ^' fc W*u+E^ " 



Xl1 1<M,M<" J ' ' i=l X ll 

includes all the third order derivatives terms of (p. 

We claim that B < 0, the proof of which we postpone to the end of this section. By 
maximum principle, Qjf — Ya^F^H^ > at (x Q ,t ), thus 

-. n n 

— E fU (Xu,ii - Xil,u) ~ Acl - 2AF - A E i^Vg > 0, 
Xl1 i=i i=i 

i.e. 

n 



Xl1 i=l i=l 



(3-7) ^J^F'Hxm-Xxl^ > AY,F^x\-i + A^+2AF 

> A^F^u-Ac-lF 2 

i=l 

= AY.F^-Ac-^Ux- 1 )- 



i=l 
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Notice that 

Xll,n = Xn,ll + Xll-^ll,ii ~~ XiiRii,lli 

so the left hand side of (|3.7|) can be simplified as follows 

^ n n 

(3.8) 2_, F%t {Xii,ii ~ Xii.ii) = Z, FU (XiiRfiil ~ XiiRiifi) 

Xn i=1 xn . =1 

xn ^ xn ^ 



11m 



< 



Xii ,=i 



n 

' T?ii T> 

lii 



where C% = max{l, supj jj-R^j}}, —C2 = min{— 1, inf ij{R{ijj}} are upper and lower 
bound of holomorphic bisectional curvature of M, and Cq = C\ sup A ^[— ^(Xo)]- All con- 
stants here are positive. 

Let xi > ' ' ' > Xn be the eigenvalues of x with respect to uj. Our goal is to get a 
uniform upper bound for %\ = Xii- 

If k < n, we have two cases: 
Case 1. — < N. N is the constant in Theorem 12.81 From (|3.3p . it follows that there 

Xn 

exists a constant C3 such that 

C 3 < a^x- 1 ) < % 

n 

from which we get an upper bound 

x„<(|M. 

Hence 

Xl < ^Xn < C, 

for some uniform constant C. 

Case 2. ^ > JV. Then by Theorem [231 there exists e > such that 

Xn 

n _ n 



(3-9) E-^xJi " c-^Kx" 1 ) > ej^^x'ii- 

i=l i=l 

Since is fixed and M is compact, there exists 7 > 0, such that 

n n 

(3.10) ^E^l^E^ 



8=1 1=1 
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Combine ([377]) , (USD , (USD and ([3~T0]) . we get 

„ n n 

(3.11) — + C 2 J2F S > Ay^F*. 

Xl i=i i=i 

Since 7 > 0, we can choose ^4 so that — C2 = 1. Hence, 

(3.12) ^o>y^i?". 

u 

Apply Garding's Inequality, Cauchy inequality and (|3.3p . we have 

n - n 1 1 1 

(3.13) j>» = E^rV^ik- 1 ^ 

3=1 3=1 X 3 

- 

Combine (|3.12p and ()3.13j) . we have 

Xi <c, 

for some constant C depending only on the initial data. 



For k = n, notice in this case c = 1. From Proposition 12.11 

n - 1 _i n 1 

(3.14) £ F » = i ffn » (x) £ 

By (13, 3D . there exists two positive constants C4 and C5, such that 

(3.15) < C 4 < a~"(x) < Cs < +00. 
Now we can proceed directly from (|3.7p and (|3.8|) . namely: 



n „ n 

(3.16) ^ + 2^F + A^F i V iI < ^ + d^F i? . 



Assume %'| > e G > 0. Using (j3.15j) it follows that 

(3.17) A-2Aa^(x) + —^hx)it±- < ^ + C 6 £ 1 < C 7 £ 1. 

fex, Xi ^X* ^X* 

Apply (|3.15|) again, we get 

4 n 1 

(3.18) (— C 4 -C 7 )y— < 2AC 5 . 

^Xi 

Now we take A such that ^C A - C 7 = 1, i.e., vl = "^J^ . From (pUS]) . we have 

n 
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Since Xi > 

(3.19) Xl > C s -\ 

Combining (|3.15p and (|3.19p , it follows that there exists a uniform constant Cg 

(3.20) xi = (n ?= 2Xi l) < Cg~ l /C2 = C, 

°~n{X l ) 

for a uniform constant C. 

In summary, for all 1 < k < n, there exists a uniform constant C, such that xi < C- 
Back in the definition of G, we have 

(3.21) logixfj) - A((p -<P)< log(xi(x )) " MvM " 0(^o)), 
so 

log(Xij) < log C - A<p(x ) +Aip + C. 
Exponentiating both sides, we get the desired estimate. □ 

Now we prove the claim: B = ^ Eij^^X^iX^l + £i^^ < 0. 
Proof. Case 1. k < n. 

Recall from Proposition I2.1| F ij > kl is not zero iff i = j, k = I or i = I, k = j. According 
to the computation there, we have for i ^ j 

1 f o- n -k(x) ^l-i f °~nO- n -k-2{x\hj) ~ o- n -kCF n -2{x\hj)s 



2 



k o- n (x) o, 

1 (O-n-kiX)-, l-l,Xi°~n-k-l{x\hj) + Xj<Tn-k-l(Xj\hj) + XiXj<^n-k-2(x\h j) • 



k a n (x) a, 



(3.22) < 0. 

So we group terms as follows: 
The first group: 

1 1 2 

1 / \ ntt.il. N , ttiIT IXll.l 



X = — ( E Filfj Xii,iX fj ,l) + F lV -^^<0. 

Let 



Xl1 l<ij<n X H 



f{x) = -C—)hx). 

It is sufficient to prove the following point- wise matrix inequality: 

(3-23) (f XiXj + &6ij) < 0. 

Xi 

If we let Aj = ^7, and g(X) = crfcfc(A), then (|3,23p is equivalent to the following 
(3-24) (g XiXj + > 0, 

which is true by Proposition 12.21 and Remark 12.31 See also Appendix for an alternative 
proof. 
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Second group: 

i n n I _ |2 

y = t l E F il ^xu,i + E f "^p- ^ °- 

Xl1 i=2 i=2 X H 

The idea is to use F l1,11 to control F u , take i = 2 for example. By the Kahler property of 
X, we have: 

Xij,k Xkj,iiXijJt XikJ- 

It suffices to show 

After taking out the common factor , }, \ ( an ~ h i^ ) li , we are left to show 

Xlkn(x)^n-fc-2(x|l,jV^n-fc(x)^n-2(x|l,jl]+^n-fc(x)^n-l(x|jV CT n-fe-l(x|j>n(x) < 0. 

Here we simply write %i f° r Xii- Use the identity <r fc (x) = Cfc(x|l) + Xi fJ fc-i(x|l)i we have 

Xlkn(x)o-n-fc-2(x|l,j) - <7n-fc(x)c r n-2(x|l,j)] + ^n-fc {x)<*n-l (xl j) ~ (xUVn (x) 

= c r n(x)[Xic r n-fc-i(xli) - er n _fc_i(x|j)] ~ cr n-ifc(x)[xicrn-2(x|l> j) ~ Cn-l(xb')] 

= -0-n(x)c r n-A:-l(x|l,2) < 0. 

The third group have all the remaining terms: 

A11 l<i<n,2<j<n,i^j 

By (I3.22p . each term in Z is negative. 
To sum up, we have 

£ = A + Y + Z<0. 

Case 2. k = n. 

If we use the convention cr_i (x) = 0, the computation above is valid and can be simplied. 

□ 

4. Convergence of the flow 

In this section, we study the properties of the functionals Fk,n raised in the introduction, 
from which we prove the uniqueness of the solution of (11. 5p and C° estimate for the 
oscillation of ipt- After getting C° estimate of oscillation of ipt, all the arguments in [W2| 
can be applied verbatim. 

For any (j> 6 V Xq , let 

(4.1) 8F k {cf)= I 50x^A^- fc , 

JM 

be the infinitesimal variation of the functional J-^. Then one has explicit formula for 

J r k (<t>)= I' I 4>tx* t ^u n - k dt, 

JO JM 
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where 4>t is an arbitrary path in V Xq connecting and eft, and 4>t denotes time derivative. 
Then let: 

(4.2) = ^k{(t>) - Cn-fc^n^)- 
By the variational characterization of (|4.ip . one has 

(4.3) <5Jn-fc,n(0) = / <50(xS"* A ^ " c rf). 
So the Euler-Lagrange equation of J r n _ k n is 

(4-4) X n f k A W fc - = 0, 

which is exactly (|l,5p . Regarding the second derivative of ^jfc, n , one chooses a path t and 
use (pTTj) . g2D to get: 

^ 2 -^" n-k,n{4>t) f 2 t^n-k A , ,fc „ n\ , /" i o^i // n -fc-l . , fc „ „,,n-l> 



j ^ HxT A or — c,4) + y - fc)x;" A - c k n X n f') 

(4.5) = / ^(x^A^-CkX^+f ^ASMw^-in-^A^) 

JA/ JA/ 

We observe the following 

Theorem 4.1. There is only one critical point at the level of Kahler metric if such critical 
point exists. 

Proof. Suppose we have two critical points 4> and <p x . Consider the afhne path <f>± = 
(l—t)4>o+t(pi, t E [0, 1]. 4> and <f> 1 being critical points are equivalent, in local coordinates, 
to following inequalities 

a k(x^) = o-k{x^) = c' k . 
Recall that in Section 2, we have proved — o~k(x~ l ) = F \s concave, which is equivalent 
to the convexity of o~k{x 1 )- Thus 

o-k(x^) < (1 - t)c' k + tc' k = 4, t G [0, 1]. 

Since x~^ is positive definite, we have o- k (x^\i) < c' k . By Proposition 12. 4| it follows 

*nx5r 1 -(n-*)x5r*- 1 >0 

as a (n — 1, n — 1) form. Therefore by (|4.5p and the facts that <f> t = <fi 1 — <p , 4> t = 0, we 
conclude that J~ n -k,n{<l>t) is a convex function: [0, 1] — > R, with critical points at t = 0, 1. 
This implies that J r n -k,n(4't) is a constant. Furthermore, the indentity 



k.iAPt) _ 



dt 2 

implies 4>t = <j> 1 — 4> = C for some constant C, hence x<p = X<f> 1 ■ 



□ 



Next, we establish some propositions regarding monotonicity of the functionals which 
will lead to the C° estimates. 



18 HAO FANG, MIJIA LAI, AND XINAN MA 

Proposition 4.2. The functional J- n ~k,n * s decreasing along the flow 
Proof. We write (|1.4p as 



where F = -(^£%!)i 



d 
It 



M 



i / ((4) 1/fc + ^)(^ fc -4)x^<o 

U Jm 



(I) 

The integrand is of the form (a 1//fc — 6 1//fc )(6 — a) which is clearly non-positive. □ 

Corollary 4.3. Assume the convergence of the flow, i.e., the existence of the solution of 
\1. 5\) . then the global minimum of T n -\. n is realized by the critical metric. 

Proof. It follows directly from Proposition 14.11 and Proposition 14.21 □ 

Towards C° estimate, we need another monotonicity: 



Proposition 4.4. Let J- n -k defined as above, (ft the solution of flow J l-4\ ), then 

dt 

i.e. J- n -k{(pt) decreases along the flow. In particular, J-n-kift) < for all t > 0. 
Proof. First we make following observation: 
(4.6) / a n „ h dv = I (^^)(a n )^Tdv 



M Jm (a n )k+ 



< [/ (-^-)^d«]wr(/ a n dv)Th 
M (cr n )fc+i JM 



i+fc 

l 



= (/ {Gn - k \ k dv)Ml 
JM {o~n) k JM 

Recall dv = ^, so a n - k dv = ^jrX n ~ k A oj k . So gSJ gives: 

(4.7) / (^±)i x «-fc A o; fc >c^ I X "- fe AuA 

7 M JM 

Now we compute 4iJ- n -k(}Pt) by choosing the path given by the flow then 



d 



M 



M 



=fc +^JXv, t Aw 



M JM °Vi 



□ 
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From Proposition ^. 4| we know J 7 n _fc(< y 9 t ) < 0. But the definition of J~ n -k is independent 
of the choice of the path, we can choose the path 7(5) = s(ft to compute J 7 n _/ c ((/9f) as well. 

JO JM 
1 



£ £(^~ k y i (l- s) n - k - l ds J m wx 1 ^ A x^- 1 A co k < 0. 



/0 JM 



Z=0 

So at time i, we may write in short Fn^kift) = Jm ftdfJ-t- Now we are in the position 
to prove following: 

Theorem 4.5. Suppose that y/ n_1 — ^^uj k A ^ /n - fc - 1 > 0. Let (p t be a solution of [1.$ 
on [0,oo). Then there exists a constant C, depending only on initial data such that 

|| sup (ft — inf y>t||c° < C. 



Proof. It suffices to show a uniform lower bound of inf(p t , where (fit = ft — snp M ff 
Following [W2], we prove by contradiction. If such a lower bound does not exist, then we 
can choose a sequence of times U — )■ 00 such that 

• inf M <p ti = inf te [o it .] inf M ¥t 

• inf m <p ti ->• -00 

Set B = A/(l — 5) where A is the constant in Theorem 13.11 and let 5 be a small positive 
constant to be determined later. Let u = e~ Bipt i . We apply Lemma 3.3, Lemma 3.4 of 
|W2j . there is a constant d independent of u,such that 

IMIc — c \\ u \\s- 
Since u = e~ Blpt i and ip^ satisfies sup M (fa = and 

X kl + (f~u)kl = Xkl> °> 

we can apply Proposition 2.1 of [Tl] to get a bound on \\u\\s for 5 small enough. This 
gives the uniform C° estimate of (ft- □ 

So far we have got the uniform C° estimate for oscillation of tpt, in order to get conver- 
gence we have to normalize <pt, namely let 



ft = ft 



Then <pt takes value zero somewhere, by Theorem I4.5|, ||^||c° — C. With this choice of 
normalization, we see the partial C 2 estimate is actually uniform. By Theorem 13.11 

\\ddtptWco = \\ddipt\\co < Ae< Vt ~ ini ^M Vt \ 
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For the exponent, we have 

(4.8) if t - mf (p t = Lp t + mf Up t + ) 

Mx[o,t] hi d ^ t Mx[o,t] J M d l jLt 

< <Pt-\ ? — 7i m * *Pt - mf 



/ M dMt Mx[0,t] Mx[0,i] J M d^ 

= (ft- mf p t H t> — : mf — - — - 

Mx[0,t] Jm"^ Afx[o,t] J M a// t 

= (ft — inf o5^ < 2C. 

Mx[0,t] 

Last equality follows from Proposition 14.41 and the fact f M d\it is independent of t. Hence, 
we have a uniform constant C such that 

Halloo <c. 

Since we get bound for complex hessian of (p, the underlying real parabolic equation 
(|1.4p has uniform elliptic constants. By [Wangl Wang2| , one can deduce C 2,a spatial and 



time estimate on (p. Then classical Schauder theory can be applied to prove estimates all 
the way to C°° . Consequently the flow exists on [0, oo). We will provide more explanations 
of PDE aspect in Appendix B. 

To show the convergence without passing to a subsequence, one can follow the methods 
in|q,PS2I. 

5. Generalization and Applications 

In this section, we apply Theorem 13.11 to the product manifold M x C, where C is an 
algebraic curve, to prove Theorem 11.21 



Proof. First, let us recall the definition following constants: 

, S M a , ,n— k 

(5.1) c fc = c fciM>M 



Im *o 

(5.2) c k , a = c k + ack_i, a > 0, 
and cone condition Ck, a = Ck )0l (co): 

(5.3) C k;(X (u) = {[x] G Ti + , 3x G be], such that 

Ck^nx"^ 1 > in - k) X ^- k ~ l A u k + a(n - k + l) X ' n ~ k A w^ 1 }- 
Let w , x G [x] be two Kahler forms on M, u 1 be a Kahler form on C. Set 

X =X + , and lo = lo + cu 1 . 
Then on M x C, consider following flow in V Xq , 



i 



(5 - 4) ^ =cfc - ( )s ^ o=0 ' 



ON A CLASS OF FULLY NONLINEAR FLOWS IN KAHLER GEOMETRY 21 

where x<p = Xo + z^d&tPi ana - 

c = /MxC^+l-^y) = g Jm CT "-fc(Xo) + Im a n-k+l{X ) = ( n \ c + }_( n V 



In local coordinates, one shall view the matrix {{x<p){j) as ^ j. In view of 

Theorem 13.11 we want to bound the largest eigenvalue of f^-^Jv ^ ]. Without loss 

00 \ v aojij 

of generality, we can assume the corresponding direction is £ T^'^M. Otherwise the 

estimate follows trivially, since u\ is fixed under the flow. Compare the proof of Theorem 

13.11 we impose condition: 

(5.5) o"fc(x _1 K) < c, Vi = l,2, •■• ,n. 
which translates to a condition on M as: 

(5.6) -(Tk-i(Xo 1 \i) +<?k(Xo 1 \ i ) < c : V i = 1,2,--- ,n. 

Then the whole argument applies. Moreover, C° estimate can be applied directly. There- 
fore we get a stationary metric x on M solving: 

(5.7) ac X n = a (fj X n ~ k A «* + (, " J X™- fc+1 A w*" 1 . 

After setting a = ^ntj 1 one can readily check that [x] 6 Cfc, Q imply ()5.5j) . and (j5.7[) 
becomes 

t/™ — -^ n -k A , ,fc , _,,,n— fe+1 a , 

□ 

Based on the known result, we can refine Chen's problem into the following: 

Conjecture 5.1. For fixed q, < q < n, and for any given a = (ao, • • • , ctp) £ MP +1 ,p < 
n — q a-i > 0, < i < p, define 

v 

C a = c k,a,[ui],[x] = ^ ] c i+q a ii 
i=0 



+q,n{Xo ) X) ) 

i=0 

P 

C a (u) = {[x] G «+ 3x' G M, such that W 1 - 1 > ]T a 4 (n - i - g)^*-*- 1 A 



i=0 



T/ien 

(5.8) «; = ^aa; + «A^, 



i=0 
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has a unique smooth solution if and only if [x] G C a {oj); in this case, F aiTl (x ^x) obtains 
minimal at the given solution. 

Use the same method we can verify Conjecture 15.11 under some additional conditions 
on cKj's. We consider M x C\ x C2 • • • x C p , where Cj are all algebraic curves. Set Wj be 
Kahler forms on Cj. For m > set 

p n 

X = X + ^aiUJi, Cu = ^2uJi. 

i=l i=0 

Follow the method above one can solve 

(5.9) ca n+p (x) = cr„+ P -fe(x), on M := M X Ci X C 2 ■ ■ ■ X C p , 

where c is the constant satisfying 

= Jj^n+p-fcCx) 

Jm°""+p(x) 

Similarly one reduces (|5.9p to an equation on M. According to the relationship of k, n, 
and p, there will be four cases which we state as a theorem. 

Theorem 5.2. Let M, uj, and [x] be as above. T p is the positive cone in W. Coniecture \5.1\ 
holds for the following special equations: 

(1) For p > k and n > k, 

k 

c X n = PoX n + PiX^ 1 Aw+-- + hx n - k A uj k , c = ^2 Pi*, 

i=0 

for which we require the existence of a b = (61,62,- •• j b p ) G T p such that = 
*T fc _<(6) (7) , i = 0, 1, - ■ ■ A:,- 

(2) For p < k <n, 

c X n = PoX n+p - k A u; k ~P + Ax" 4 *-*- 1 A u^ +1 + • • • + f3 pX n - k Au k ,c = j2 fak-p+i, 

i=0 

/or which we require the existence of a b = (61,62,- •• j 6p) G T p suc/i t/iai = 

(3) For p > k > n, 

n 

cx n = PvX n + PiX 11 ' 1 AW + - + /W\ c = ^ M, 

/or which we require the existence of a b = (61,625' •• , b p ) G T p suc/i that = 
o-fe-i(6)("),i = 0, l,-- - ,n; 

(4) For k > p and k > n, 

n+p— A: 

c X n = PoX n+P ~ k A + PiX n + p - k ~ l A + • • • + /W-* w "> c = ]T ftc fc _ p+i , 

i=0 

where we require there exist some 6 = (61, 62, • • • , b p ) G T p such that = o" p _j(6) ( fc _™_ 
0, 1, • • ■ ,n + p — k. 
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Remark 5.3. It is due to our specific method that 's have certain combinatorial con- 
straints. We expect to remove these technical constraints in future works. 

We finish the discussion with a geometric application. 

Consider [yj = [u] + e[a], where [a] G H 1,l (M) and e£l. Since oj is in the cone Ck, 
and the cone is obvious open, then for |e| small, [x] G Ck for any k G {1, • • • , n}. Thus, by 
Theorem ll.il we have \ G [x] such that 



X n k A uo k 



Ck- 



X" 

On the other hand, it is easy to check that, on the manifold M, we have the following 
point-wise inequalities: 

x n-l A u ^ x n~2 AuJ 2 > ^ y"~ fc A U! k 
{ ' ' X n X" _1 Aw - " ' - A w fe-l ' 

where any equality holds iff x = Xu for some constant A. Thus, 

^ ' j x n ~ x n 'x^auj 1 x n-k+i Aoj k-i\ w 

This leads to 



( 5 - 12 ) — — ^ ( c fc) * - 1 — — J * • 

Jm X Jm x 

Notice that (|5. 12|) is independent of the choice of x S [x]- Notice [x] = [w] + e[a]. Take 
k = 2, and expand both sides of (I5.12p as a series of e, then let e — >• 0, we get the following 
inequality: 

n-2 A „2\/ l , ,n\ 71 ~ 1 C / , ."-1 a „\2 



(5.13) (/ ^A«^)( <)<- -(/ 

Jm Jm n(n-2) J M 

where the identity holds iff [a] = X'[u] for some constant A'. This is exactly the Riemann- 
Hodge bi-linear relation for (1, l)-classes (see, e.g., [GHJ). 



APPENDIX A 

In this appendix, we first present another proof of Remark 12.31 For the convenience of 
readers, we restate it as the following: 

Proposition A.l. Let g = cr^(x), and x G Y n . Let gi := g^ffij := d ^J x . ■ Then the 
matrix gij + is nonnegative. 

Proof. Step 1. 

Consider h := crk(x^)- Use the same notation as above, we claim 

hij + —5ij > 0. 

Xj 
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Direct computation shows that: 
1 



(A.l) 
(A.2) 



hi 



hi 



-i 



k 

1 , i|- -A 7 

-j£Ok-2{X k \h3)Xi 



-l i-i 1.1 lN . 
Xi + r(r - 1 )°"fc-i(X fe K)X 



i— 2 



Introduce the following notation: for / = (ii,i2, ■ ■ ■ ij) an arbitrary index set of length I, 
let a k -i := E|/|=fcX/^-Kxl^), where xi = X n X l2 • • • X H ■ Basically, it is the collection of 
terms in which indices i € / appear. In this notation, we can rewrite (|A~lj) . (TO) as: 



(A.3) 
(A.4) 
(A.5) 



& 2 X;Xi 



for i / j, 



1(1 _ 

^ L) x l 



So /ijj + ^t-<% equals: 



r a k;l 



(A.6) 



°"fc;l,2 
fc 2 XlX2 



°"fc;l,n 



°"fc;l,2 

fc 2 XlX2 

°fc;2 



Then it is equivalent to show that 



A := 



<7fc;l,2 CTfc2 



°"fc;l,n ' 
fc 2 XlXn 



fc 2 Xn ' 



°"fc;l, 



is nonnegative. For an index set /, Let Ej be the matrix having entry 1 in i-th row and 
j-th column of an n x n matrix, where i,j G /, and entry elsewhere. It is clear that Ej 
is nonnegative. Moreover, we have the following nice decomposition: 

(A.7) A =Y1 * lEl ^ °" 

\i\=k 

Thus 



h{ 

hij H dij > 0. 

Xj 



Step 2. 
We claim 



Xj 



h ~ 



We use a nice trick due to Andrews [A] . Since /i is homogenous of degree 1, /i^Xi = ^- 
Differentiate both sides, one gets hijXi = 0. Consequently, 

hi 



(Ai 



(/; 



('/ "I - Oil 

" Xj 



hihj 



)XiXj = o, 
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i.e. x is a nun vector. In order to show hij + — 8ij — > 0, one then only need to look 
at a subspace transversal to the null vector x = (Xl> " " " jXn)- Naturally, we choose the 
subspace defined by = 0}. Then [hij + - = (fry + 3|<%)&&, which 

is nonnegative from step 1. 
Step 3. 

<?(Xi> ' ' ' Xn) = hkfyi, ■ ■ ■ , Xn)i a simple computation shows that: 

(A.9) 9ij + * «y = tti-'i^A^A^^ + ^ - ^1^1], 

where x\ = Aj. Thus, 



(A.10) ^ + -i^- - — ^ > ^ + -i^- - > 0, 



Aj- y fc h ~ v ' Xj lJ h 



the last inequality is due to step 2. The proof is thus completed. □ 

Remark A. 2. It is clear from the above proof that the conclusion of Proposition holds for 
9 = °Voti> with 6 > °- 



APPENDIX B 



In this appendix, we summarize the classical parabolic Krylov-Evans theory that are 
applied in this paper. In particular, we deduce time C"2 estimates for ddip for (|1.4p . These 
estimates are local in nature. This proof is essentially due to Lihe Wang [Wang2 1 . 

In the parabolic case, it is also convenient to introduce the following regularity notation. 
We say ip = ip(x, t) G C 2,a in the parabolic sense if and only if tp G C 2 ' a in spatial variable 
x G R n , and (p G C 1 '? in time variable t G R in the usual sense. Different regularity 
is due to different scaling of spatial and time variables. We will also write C^"' 1+2 to 
indicate regularity respectively. For a thorough exposition, we refer readers to [ Wangl| 
and Wang2|. 

The fundamental tool to attack nonlinear parabolic equation is following: 
Theorem B.l (Krylov-Safanov). Let ip be a solution of 
(B.l) (pt = aij(x,t)(fij, 

in Qi, and ay is uniform elliptic, then ip is in CP (Qi), i.e., ip is C a in spatial and ip is 
C 2 m time. 



The parabolic equation we have is: 
(B.2) ^ = c + F{ddtp). 
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By Theorem 13. 11 F is a uniform elliptic, concave operator. Taking derivative with respect 
to t both sides of (|R2l) . one has 

(B.3) <Ptt = F 3 {<Pt)i3- 

By Theorem Bl, (ft is C". Thus (|B.2p can be viewed as an elliptic equation. Then by the 
elliptic Krylov- Evans theory, one has spatial C a estimate on D%<p. To have C a estimate 
for D 2 (p, it is sufficient to show time estimate. Since the problem is local in nature, 
we just need to prove time C2 estimate at (0, 0). 

Since ip is C 2,a in spatial, there exist two quadratic polynomials Pt(x) and Pq(x) such 
that 

(B.4) \<p(x,t) - P t \ < C\x\ 2+a , \x\ < Vt, 

(B.5) \<p(x,0) -P | < C\x\ 2+a , \x\ < y/t. 

Also, since tpt G C a 

(B.6) \<p{x,t) - <p(x,0) -t(pt(x,0)\ < Ci 1+ f , |z| < y/i. 

(B.7) MM) " ^(0,0)| <C\x\ a . 

By (jB~4)l . (jB~5l) and (jB~6]l together, we have 

(B.8) \P t (x)- P Q (x)-tip t (x,0)\ <Ct 1+ f. 

(|ET8l) and (jB~7)l imply that 
(B.9) \P t {x) - P (x)\ < Ct 1+ f , |x| < Vt. 

For a quadratic polynomial, one has 



\DlP\\ Br <C mL ~^\ 



(B.10) 
Therefore, 

,, o n \\Pt — Pq\\l^(B rr) 

(B.ll) ||£)2p t -D^|| Bvi <C ^i<Ct2. 

which implies that 

||D^(0,t)-D^(0,0)|| <Ctf. 
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